The Brauer Group of a Surface over a Finite Field by Zarhin, Yuri G.
ar
X
iv
:1
80
2.
01
77
6v
1 
 [m
ath
.N
T]
  6
 Fe
b 2
01
8
THE BRAUER GROUP OF A SURFACE OVER A FINITE FIELD
YU. G. ZARHIN
Let k be a finite field of characteristic p that consists of q elements, k¯ its algebraic
closure, Γ = Gal(k¯/k) its absolute Galois group,
σ : k¯ → k¯, a 7→ aq
the Frobenius automorphism, which is a canonical generator of procyclic Γ. Let X
be an absolutely irreducible smooth projective variety over k, Br′(X) = H2(Xet,Gm)
its cohomological Brauer group; if X is a surface then Br′(X) coincides with the
Brauer group Br(X), which is defined as the set of similarily classes of Azumaya
algebras over X [2, 7]. The group Br′(X) is periodic commutative; for each positive
integer n the kernel nBr
′(X) of multiplication by n in Br′(X) is finite [5, 7]. The
Artin-Tate conjecture asserts that Br′(X) is always finite; this conjecture is closely
related to the Tate conjecture that deals with the order of pole of the zeta function
of X at 1 [2, 5, 9, 15, 1]. Let us put X¯ = X⊗ k¯. If X is a surface then the finiteness
of Br(X) = Br′(X) is known in each of the following cases [5, 7, 6, 11].
(1) X is an abelian surface;
(2) X¯ is a rational surface;
(3) X¯ is birational to a product of two curves;
(4) X is either a Kummer surface or a K3 surface with a pencil of elliptic curves
(5) X is either ordinary or a supersingular K3 surface.
If X is a surface then there is a nondegenerate skewsymmetric bilinear pairing
[5, 9]
Br(X)DIV × Br(X)DIV → Q/Z.
Hereafter if B is any commutative group then we write BDIV = B/DIVB where
DIVB = Im[Hom(Q, B)→ Hom(Z, B) = B]
is the subgroup of infinitely divisible elements ofB. (By definition, DIVB ⊂
⋂
n nB;
if for each n the kernel nB of multiplication by n is finite the the inclusion becomes
equality.)
According to Tate [5], a question whether this pairing is alternating is an “in-
teresting cohomological problem”. (Recall that the skewsymmetry means that the
value of the pairing multiplies by −1 if one permutes the arguments while the
alternation means the vanishing of the value of the pairing if the arguments do co-
incide.) Of course, it suffices to check the alternation on the 2-primary component
Br(X)DIV(2) = Br(X)(2)DIV of Br(X)DIV. Hereafter if B is a commutative group
and l is a prime then we write B(l) for its subgroup of all elements, whose order is
a power of l. We have
⊕B(l) = TORS(B) = ⊕TORS(B)(l)
where TORS(B) is the subgroup of all elements of finite order in B and the sum-
mation is taken over all primes l. If B is a periodic group then B = TORS(B)
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and
DIVB = ⊕DIV(B(l)) = ⊕DIV(B)(l),
B = ⊕B(l), BDIV = ⊕B(l)DIV = ⊕BDIV(l)
and the summation is taken over all primes l. If the group lB is finite then the
group BDIV(l) is also finite. This implies that all the groups Br
′(X)DIV(l) are
finite. If X is a surface then the order of Br(X)DIV(l) is a square for all odd l.
The alternation of the pairing above would imply that the order of the 2-primary
component Br(X)DIV(2) is also a square.
Of course, if Br(X) is finite then Br(X) = Br(X)DIV. It is known [1] that
Br(X)DIV is finite if X is a K3 surface
The aim of this note is to prove thar the order of Br(X)DIV(2) is a square under
the following additional assumptions on the surface X .
(1) The surface X¯ = X ⊗ k¯ lifts to characteristic zero;
(2) p 6= 2;
(3) There is no 2-torsion in the Ne´ron-Severi group NS(X¯) of X¯ .
The proof is based on the construction of a nondegenerate skewsymmetric bilin-
ear pairing
Br(X)DIV(l)× Br(X)DIV(l)→ Q/Z
under assumptions that l 6= p and there is no l-torsion in NS(X¯). When p 6= 2 we
prove that if X is liftable to characteristic zero then this pairing is alternating for
all l, including the case l = 2. It would be interesting to compare this pairing with
the pairing constructed in [5].
Notice that the present paper is a nataral complement to our paper [1] despite
of slightly different notation.
A construction of the pairing. In the next lemma and after it, if A is a
commutative group provided with a structure of a Γ-module then we write AΓ
and AΓ for its subgroup of Γ-invariants and the quotient group of Γ-coinvariants
respectively. i.e.
AΓ = {a ∈ A | σa = a}, AΓ = A/(1− σ)A.
All the cohomology groups of algebraic varieties in this paper are taken with respect
to e´tale topology.
Lemma 1. Let X be a surface, l 6= p and NS(X¯)(l) = 0.
Then TORS(H2(X¯,Zl(1))) = 0 , H
2(X¯,Zl(1)) is a free Zl-module of finite rank
and there is a natural isomorphism
Br(X)DIV(l) = TORS[H
2(X¯,Zl(1))Γ].
Proof. Recall [5, 7] that there is a natural embedding
NS(X¯)⊗ Zl → H
2(X¯,Zl(1))
that induces an isomorphism of the corresponding torsion subgroups [7, III, Sect.
8.2]. So, if finitely generated group NS(X¯) has no l-torsion then finitely generated
Zl-module H
2(X¯,Zl(1)) has no torsion as well and therefore is free. So,
TORS(H2(X¯,Zl(1))) = 0.
According to proposition 1.4.2 of [1], there is an exact sequence
0→ TORS[H2(X¯,Zl(1))Γ]→ Br(X)DIV(l)→ TORS[H
3(X¯,Zl(1))]
Γ.
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In order to finish the proof, it suffices to check that TORS[H3(X¯,Zl(1))] = 0. The
Poincare´ duality for X¯ implies that finite commutative l-groups TORS(H2(X¯,Zl(1)))
and TORS(H3(X¯,Zl(1))) are mutually dual [7, III]. Therefore TORS(H
3(X¯,Zl(1)))
is also zero. 
Lemma 2. Let X be a surface, l 6= p and NS(X¯) = 0. Then H2(X¯,Zl(1)) is a
free Zl-module of finite rank and the intersection pairing
<,>: H2(X¯,Zl(1))×H
2(X¯,Zl(1))→ Zl
is perfect, i.e., the corresponding homomorphism of free Zl-modules
H2(X¯,Zl(1))→ HomZl(H
2(X¯,Zl(1)),Zl)
is an isomorphism. The form <,> is Γ-invariant, i.e.
, σx, σy >=< x, y > ∀x, y ∈ H2(X¯,Zl(1)).
Proof. It is well known [5] that <,> is Γ-invariant. By Lemma 1, H2(X¯,Zl(1))
is a free Zl-module. It follows from the proof of Lemma 1 that H
3(X¯,Zl(1)) is
rorsion-free. Hence the natural embedding
H2(X¯,Zl(1))⊗ Z/lZ→ H
2(X¯, µl)
is an isomorphism. Here µl is the sheaf of lth roots of unity on X¯et [2]. Now the
perfectness of <,> follows readily from Poincare´ duality for µl [2] and Nakayama’s
Lemma. (Compare with arguments in the last section of Schneider’s paper [14].) 
Lemma 3. Let H be a free Zl-module of finite rank provided with a continuous
action of Γ,
(, ) : H ×H → Zℓ
a perfect Γ-invariant symmetric pairing, i.e.,
(σx, σy) = (x, y) ∀x, y ∈ H
and the homomorpism of free Zl-modules
H → HomZl(H,Zl)
induces by (, ) is an isomorphism.
Then there exists a natural nondegenerate skewsymmetric bilinear pairing
(, )B : TORS(HΓ)× TORS(HΓ)→ Ql/Zl ⊂ Q/Z.
In particular, if l 6= 2 then the order of finite abelian group TORS(HΓ) is a full
square.
Let l = 2 and w ∈ H a characteristic element of (, ), i.e.
(x, x)− (x,w) ∈ 2Z2 ∀x ∈ H.
If w is Γ-invariant, i.e., w ∈ HΓ, then (, )B is alternating; in particular, the order
of TORS(HΓ) is a full square.
If there is an odd positive integer n such that σnw = w then (, )B is also alter-
nating and the order of TORS(HΓ) is a full square.
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Proof. We choose as (, )B the pairing constucted in subsections 3.3, 3.4 of [1].
(In these subsections TORS(HΓ) is denoted by B0(H) and H
Γ by Hσ.) It is
proven (ibid) that (, )B is nondegenerate skewsymmetric. There is also the following
alternation criterion of (, )B [1, Sect. 3.4.1].
Let l = 2. Denote by H0 the orthogonal complement to HΓ with respect to (, ),
i.e.,
H0 := {x ∈ H | (x, y) = 0 ∀y ∈ HΓ}.
The pairing (, )B is alternating if and only if the restriction of (, ) to H
0 is even,
i.e.,
(x, x) ∈ 2Z2 ∀x ∈ H
0.
Let us assume that the characteristic element w ∈ HΓ. Then (x,w) = 0 for all
x ∈ H0 and therefore, by definition of a characteristic element,
(x, x) ∈ 2Z2 ∀x ∈ H
0.
So, (, )B satisfies the alternation criterion.
If σnw = w for some odd positive integer n then one may easily check that
w′ = w + σw + · · ·+ σn−1w
is a Γ-invariant characteristic element and apply the same alternation criterion. 
Remark. For reader’s convenience we reproduce an explicit construction of
(, )B. In order to do that, let us put H
′ = H ⊗Zl ⊗Qℓ and extend the form (, ) by
Ql-linearity to the symmetric Ql-bilinear pairing
H ′ ×H ′ → Qℓ,
which we continue to denote (, ). Then for each
a, b ∈ TORS(HΓ) ⊂ H/(1− σ)H
we have
(a, b)B := (u, v) mod Zl ∈ Ql/Zl
where u ∈ H, v ∈ H ′ satisfy
a = u mod (1− σ)H, v − σv ∈ H, b = (v − σv) mod (1 − σ)H.
Lemmas 1 and 2 combined with Lemma 3 applied to H = H2(X¯,Zl(1)) and
(, ) =<,> give us the following assertion.
Theorem 1. Let X be a surface, l 6= p and NS(X¯)(l) = 0.
Then TORS(H2(X¯,Zl(1))) = 0 and there exists a natural nondegenerate skewsym-
metric bilinear pairing
<,>B: Br(X)DIV(l)× Br(X)DIV(l)→ Ql/Zl ⊂ Q/Z.
In particular, if l 6= 2 then the order of finite abelian group Br(X)DIV(l) is a full
square.
If l = 2 and there exists w ∈ H2(X¯,Zl(1))
Γ such that
(x, x) − (x,w) ∈ 2Z2 ∀x ∈ H
2(X¯,Z2(1))
then<,>B is alternating. In particular, the order of finite abelian groupBr(X)DIV(2)
is a full square.
Example. Let us assume that either X is a K3 surface or an abelian surface,
or X¯ is biregular over k¯ to a product of two curves. Then NS(X¯)(l) = 0 for all
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l 6= p. If p 6= 2 then for l = 2 the intersection pairing <,> is even and one may
put w = 0. For abelian and K3 surfaces the evenness and the absense of torsion
follows from the existence of a lifting in characteristic 0 [9, 10, 12] and for products
of curves from the Kunneth formula. So, under these assumptions on X and p 6= 2
the natural nondegenerate bilinear pairing
<,>B: Br(X)DIV(l)× Br(X)DIV(l)→ Ql/Zl ⊂ Q/Z
is alternating for all primes l 6= p, including l = 2. In particular, for all l 6= p
the order of Br(X)DIV(l) is a full square. In the case l = p (and p 6= 2) Milne [8]
constructed a nondegenerate bilinear skewsymmetric bilinear pairing
<,>B: Br(X)DIV(p)× Br(X)DIV(p)→ Qp/Zp ⊂ Q/Z,
which is automatically alternating, since p 6= 2.
Recall that Br(X) is finite ifX is an abelian variety or X¯ is biregular to a product
of two curves. If X is a K3 surface then Br(X)DIV is a finite group. Combining all
these assertions, we obtain the following statement.
Theorem 2. Suppose that p 6= 2.
(a) If X is an abelian surface or X¯ is biregular to a product of two curves then
there exists a natural nondegenerate alternating pairing
Br(X)× Br(X)→ Q/Z.
In particular, the order of finite abelian group Br(X) is a full square.
(b) If X is a K3 surface then there exists a natural nondegenerate alternating
pairing
Br(X)DIV × Br(X)DIV → Q/Z.
In particular, the order of finite abelian group Br(X)DIV is a full square.
Let us assume that X¯ lifts to characteristic 0, i.e., there exist a commutative
complete discrete valuation ring O with fraction field K of characteristic zero and
residue field k¯ and a smooth projective morphism f : Y → S = Spec O, whose
closed fiber coincides with X¯. If n is any positive integer not divisible by p then
there is an exact sequence
0→ µn → Gm
n
→ Gm → 0
of sheaves on Yet, which induces the following exact sequence
R1f∗Gm
n
→ R1f∗Gm → R
2f∗µn
of sheaves on Set, which is part of the long exact sequence of higher direct images
with respect to f . Taking the corresponding groups of global sections, we get a
canonical map
δ : H0(S,R1f∗Gm)→ H
0(S,R2f∗µn).
Proper and smooth base change theorems [2] imply that R2f∗µn is a constant sheaf
on Set, whose fiber over k¯ coincides with H
2(X¯, µn) while the fiber over K¯ coincides
with H2(Y¯, µn) where K¯ is an algebraic closure of K and Y¯ = Y ⊗ K¯ is the generic
geometric fiber of f . In this, there are natural isomorphisms
H2(Y¯, µn) = H
0(S,R2f∗Gm) = H
2(X¯, µn).
Recall [13] that there is a natural homomorphism from the Picard group
S : Pic(Y) = H1(Y,Gm)→ H
0(S,R1f∗Gm)
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and also homomorphisms of Picard groups [2]
c1 : Pic(X¯) = H
1(X¯,Gm)→ H
2(X¯, µn),
c1 : Pic(Y¯) = H
1((Y¯ ,Gm)→ H
2((Y¯ , µn)
that arise from exact sequences of sheaves
0→ µn → Gm
n
→ Gm → 0.
In this, the images of the canonical classes
wX¯,n = c1(Ω
2
X¯) ∈ H
2(X¯, µn), wY¯,n = c1(Ω
2
Y¯
) ∈ H2(Y¯ , µn)
go to each other under the natural isomorphism
H2(Y¯, µn) = H
0(S,R2f∗Gm) = H
2(X¯, µn).
In order to prove it, it suffices to consider the homomorphism
c1 : Pic(Y) = H
1(Y,Gm)
S
→ H0(S,R1f∗Gm)
δ
→ H0(S,R2f∗µn)
and notice that the images ofwX¯,n and wY¯,n coincide with the image c1(Ω
2
Y/S) of the
relative canonical class Ω2
Y/S , which follows immediately from the commutativeness
of the diagrams.
If we take as n various powers li of l and take projective limits with respect to
i, then we obtain the natural isomorphism of Zℓ-modules
H2(X¯,Zl(1)) = H
2(Y¯ ,Zl(1)),
which repects the intersection pairings. Elements wX¯,n and wY¯,n are compatible
for various n and are glueing together to the elements
wX¯ ∈ H
2(X¯,Zl(1)), wY¯ ∈ H
2(Y¯ ,Zl(1)),
which go to each other under the natural isomorphism above; their respective images
in
H2(X¯,Zl(1))/ℓ
iH2(X¯,Zl(1)) ⊂ H
2(X¯, µli)
and
H2(Y¯,Zl(1))/ℓ
iH2(Y¯ ,Zl(1)) ⊂ H
2(Y¯ , µℓi)
coincide with wX¯,ℓi and wY¯,ℓi respectively. Since X¯ is obtained from k-surface X
by extensions of scalars, all wX¯,n are Γ-invariant. This implies that
wX¯ ∈ H
2(X¯,Zl(1))
Γ.
Now let us assume that p > 2, l = 2 and NS(X¯)(2) = 0. Then H2(X¯,Z2(1))
and H2(Y¯,Z2(1)) are free Z2-modules. Wu’s theorem that relates Stiefel-Whitney
classes and Steenrod squares [3] and comparison theorems for clasical and e´tale
cohomology [2] imply that wY¯ is a characteristic element of the intersection pairing
onH2(Y¯ ,Zl(1)). This implies that wX¯ is a characteristic element of the intersection
pairing on H2(X¯,Zl(1)). The Γ-invariance of wX¯ combined with Theorem 1 imply
the following result.
Theorem 3. Let X be a surface, p 6= 2 and NS(X¯)(2) = 0. Let us assume that
X¯ lifts to characteristic 0. Then there exists a natural nondegenerate alternating
pairing
Br(X)DIV(2)× Br(X)DIV(2)→ Q2/Z2 ⊂ Q/Z.
In particular, the order of finite abelian group Br(X)DIV(2) is a full square.
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Remark. A question whether wX¯ is a characteristic element without assuming
the existence of a lifting to characteristic 0 was raised in [4].
Remark. If X lifts to characteristic 0 then it is easy to see that the element
wY¯ is Γ-invariant and characteristic one, which somehow simplifies the proof of
Theorem 3.
References
[1] Yu.G. Zarhin, The Brauer group of an Abelian variety over a finite field. Izv. Akad. Nauk
SSSR Ser. Mat. 46 (1982), 211-243; English translation: Math. USSR Izv. 20 (1983), 203-234.
[2] J. Milne, E´tale cohomology. Princeton University Press, 1980.
[3] J. Milnor, J. Stasheff, Characteristic classes. Princeton University Press, 1974.
[4] A.N. Rudakov, I.R. Shafarevich, K3 surfaces over fields of finite characteristic. VINITI. Mod-
ern problems of mathematics 18 (1981), 115–207; English translation: Journal of Soviet
Mathematics 22:4 (1983), 1476–1533.
[5] J. Tate, On the conjectures of Birch and Swinnerton-Dyer and a geometric analog. Se´minaire
Bourbaki 9 (1964-1966), Exp. no. 306, p. 415–440.
[6] M. Artin, H.P.F. Swinnerton-Dyer, The Shafarevich conjecture for pencils of elliptic curves
on K3 surfaces. Invent. Math. 20 (1973), 240–266.
[7] A. Grothendieck, Le groupe de Brauer. I. II. III. In: Dix exposes sur les cohomologie des
schemas. North Holland, Amsterdam, 1968, pp. 46–188.
[8] D. Mumford, Bi-extensions of formal groups. In: Bombay Colloquium on Algebraic Geometry,
Oxford University Press, 1969, pp. 307–322.
[9] J. Milne, On a conjecture of Mumford and Tate. Ann. Math. 102 (1975), 517–533.
[10] P. Norman, F. Oort, Moduli of abelian varieties. Ann. Math. 112 (1980), 413–439.
[11] N. Nygaard, The Tate conjecture for ordinary K3 surfaces over finite fields. Invent. Math. 74
(1983), 213–237.
[12] A. Ogus, Supersingular K3 crystals. Aste´risque 64 (1979), 3–86.
[13] M. Raynaud, Specialisation du foncteur de Picard. Publ. Math. IHES 38 (1970), 27–76.
[14] P. Schneider, On the values of the zeta-functions of a variety over a finite field. Compositio
Math. 46 (1982), 133–143.
[15] J. Tate, Algebraic cycles and poles of zeta functions. In: Arithmetical Algebraic Geometry,
New York, 1965, pp. 93–110.
